Effect of RKKY interactions on the magnetization of dilute magnetic alloys with hcp hosts by Symko, Orest George & Gash, P.
The effect of RKKY interactions on the magnetization of 
dilute magnetic alloys with hcp hosts* 
P. Gash,t R. Roshko,tt and O. G. Symko 
Department of Physics. University of Utah, Salt Lake City, Utah 84112 
The magnetization due to the presence of magnetic impurities dissolved dilutely in nonmagnetic H.C.P. host 
metals has been calculated assuming a fine structure splitting by an axially symmetric crystal field and an 
RKKY interaction between the impurities. To compute the RKKY contribution, the interaction between the 
impurities is described by a randomly oriented effective internal exchange field H with a probability 
distribution P{H) = .d hr2(.d 2 + H2f Comparison of the calculated magnetization with the measured 
magnetization of a 5 ppm single crystal of ~Mn and several polycrystalline ~Mn samples of varying 
concentration, over the temperature range 2K to 10mK, yields estimates for.d , the most probable value of the 
magnitude of the effective exchange field, as weJl as the dependence of.d on impurity concentration. 
PACS numbers: 71.70. - d 
I NTRODUCTI ON 
Recent low-temperature magnetization measurements 
[l,2,3J on very dilute «100 ppml magnetic systems 
such as ~Mn, ZnMn, and ZnCr have shown that the crystal 
field or-the host can playa substantial role in deter-
mining the magnetic behaviour of the impurity. In ad-
dition to such single-impurity effects, these measure-
ments also reveal the presence of a concentration-depen-
dent interaction which causes the magnetization per 
impurity to decrease with increasing impurity concen-
tration, and which is attributed to an RKKY-type 
coupling between the magnetic impurities. In this 
paper, we present a simple phySical model for dilute 
magnetic alloys consisting of 3d transition impurities 
dissolved in H.C.P. host metals which can account for 
the measured magnetization in such systems and which 
incorporates both crystal field theory and the molecu-
lar field theory of spin glasses. 
THEORY 
The model Hamiltonian for one impurity contains contri-
butions from three sources: the external field, the 
internal RKKY field, and the crystal field. Figure 1 ... 
shows the relative orientation of the external field Ho, 
Z 
X 
FIG. 1 - The relative orientations of the external field 
... ... 
Ho. the internal field H. and the c-axis of the 
crystal. 
... 
the internal field H. and the c-axis of the crystal. 
The orbital angular momentum of the impurity is assumed 
to be quenched by the crystal field of the host. and 
hence the impurity is represented by an effective spin 
S. Under these conditions, the effect of spin-orbit 
coupling is to partially restore the quenched orbital 
angular momentum, resulting in a fine-structure split-
ting of the spin mUltiplet which, in the principal 
axis system of the crystal and for axial symmetry, has 
the form [4J D[Si - SIS + Il/3]. In the xyz coordinate 
system in Fig. 1, the fine-structure splitting term in 
the Hamiltonian depends on a and~. The RKKY interac-
tion between the impurities is assumed to be a Heisen-
... ... 
berg exchange interaction, ~ JijSi,Sj, and is repre-
l,j 
sented by an effective internal exchange field which, 
... ... 
for the ith impurity site, has the form Hi = ~ JijSj' 
J 
The oscillatory nature of the coupling constant Jij 
combined with the randomness in the positions of the 
impurities means that the internal field is a random 
variable describable by a probability distribution 
which, for a Heisenberg interaction, has the form (5) 
P(Hl = ~/n2(~2 + H2 l2. The parameter ~ corresponds 
to the most probable value of the magnitude of the 
internal field. Both the internal and external field 
terms in the Hamiltonian have the form of a Zeeman 
.... -+ + + 
interaction: gusS·Ho and guSS·Hi· If the eigenstates and eigenvalues of the Hamil-
tonian are known then the thermal average of the mag-
netic moment per impurity along the external field 
direction (zl can be computed from the expression 
p = E <nlgu SIn> exp(-E /k Tl/E exp(-E /k Tl, where 
n B z n B n n B 
In> and En are the e1genstates and eigenvalues of the 
Hamiltonian, respectively. For a single crystal, a 
and ~ are constants, and the magnetization is obtained 
by averaging; over all possible values of the internal 
field using the above distribution: 
... ... 
M(single crystall Nc I p p(HldH, (ll 
where N is the number of lattice sites per unit volume 
in the host and c is the fractional impurity concentra-
tion. For a polycrystalline sample, an additional 
average must be performed over all possible orient-
ations of the crystallites (i.e., over a and ~l: 
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FIG. 2 - The magnetization along the c-axis of a 5 ppm 
single crystal of ~Mn. 
21T 'fI/2 
M(polycrystal) = f f M(single crystal) p(a,,) dad" (2) 
o 0 
where p(e j,) = sina/2'f1 and M(single crystal) is given by EQ. (1. All the integrals appearing in Eqs. (1) 
and (2) were evaluated using the Gauss-legendre 
Quadrature and the upper limit of infinity on the 
H-integral was replaced by a finite value l such that 
... 
the distribution P(H) was normalized to 0.99. 
APPLICATIONS 
The expressions for the magnetization derived 
above were applied to two different systems: single 
crystal ~Mn and polycrystalline ~Mn. The values 
of the elTective impurity spin S and the crystal 
field parameter 0 used in the present calculation 
were obtained from a previous analysis [2,3] of both 
systems which was based on a Spin Hamiltonian similar 
to that discussed above but containing only the crystal 
field and external field terms (no RKKY term). For 
MgMn, S=5/2 (assuming g=2) and D=+O.006K, while for 
~e ZnMn system, S=1 and D=-O.070K. 
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FIG. 3 - The magnetization along the a-axis of a 5 ppm 
single crystal Qf ~Mn. 
(a) Single Crystal ~Mn 
Figure 2 shows the magnetization per ppm of im-
purl ty along the c-axi s of a 5 ppm si ng1 e crystal of 
119Mn, plotted as a function of l/T. The so11 d curves 
represent the calculated c-axis magnetization, while 
the error bars on the data points correspond to an 
esti~ated error of ±15% in the analyzed Mn concentra-
tion. For the c-axis magnetization, the appropriate 
Ha~i1tonian is obtained by setting a=o and ,=0 so 
that the direction of the external field coincides 
wit~ that of the symmetry axis (see Fig. 1). The 
solid curves in Fig. 2 were obtained by diagonalizing 
the associated 6x6 matrix for S=5/2 and 0 = +0.006K 
to obtain the eigenvalues and eigenvectors, and 
using EQ. (1) to calculate the magnetization. The 
curve for 6 = .OOIG illustrates the effect of the 
crystal field in the absence of any internal RKKY 
field, while the curve for 6 = 90G proviaes the best 
fit to the experimental data. Similar fits to the 
data points corresponding to the extreme ends of the 
error bars in Fig. 2 yield lower and upper bounds 
for 6 of 56G and 125G, respectively. 
For the a-axis magnetization shown in Fig. 3, where 
the external field lies in the plane perpendicular to 
the symmetry axis of the crystal, the appropriate 
Hamiltonian is obtained by setting a = 'fI/2 and, = 0, 
and a similar treatment of the data yields a best-fit 
value for 6 along the a-axis of 6 =56G. with lower and 
upper bounds of 40G and 75G, respectively. The values 
for 6c and 6a thus overlap within experimental 
error, implying that the exchange interaction between 
the impurity spins is isotropic. 
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FIG. 4 - The magnetization for polycrystalline ZnMn. 
(b) Polycrystalline ZnMn 
Figure 4 shows the magnetization per ppm of impur-
ity, in an external field Ho = 88.2 Oe, plotted as a 
function of lIT for several polycrystalline samples of 
ZnMn of varying concentration. As before, the solid 
curves represent the calculated magnetization for 
various values of 0 and A, while the error bars on the 
data points correspond to the following concentration 
errors: c = 1.1 ± 0.2 ppm, 5.7 ± 0.5 ppm, 16 ± 1 
ppm, and 68 ± 7 ppm. For a polycrystalline system, 
e and ~ are now variables, and the magnetization was 
calculated using Eq. (2) and the eigenvectors and 
eigenvalues obtained by diagonalizing the 3x3 matrix 
representing the Spin Hamiltonian for S = 1. 
The curve for 0 = OK and A = .001G in Fig. 4 shows 
the magnetization for a system of free impurity spins 
in the limit of zero crystal field and a negligible 
internal field, while the curve for 0 = -0.070K and 
A = .001G illustrates the effect of the crystal field 
appropriate to ZnMn (averaged over all the crystal-
lites) for a vanfshingly small internal field. The 
remaining curves for 0 = -0.070K and A = 100G, 250G, 
470G, and 950G represent the best fits to the experi-








FIG. 5 - The most probable internal field A as a func-
tion of impurity concentration c for polycrys-
talline ZnMn. 
mental data. In Fig. 5, the best-fit values for A, 
the most probable internal field, are plotted as a 
function of the fractional impurity concentration c 
(in ppm) on a log-log scale. Molecular field theories 
of spin glasses predict various concentration depen-
dences for A: for the 3-D Heisenberg model, with the 
internal field distribution discussed in the THEORY, 
A varies linearly with concentration (5], while, for 
the 1-0 ISing model, Klein (6] has shown that the 
probability distribution has the form of a Lorentzian 
for small internal fields with AaC and a Gaussian 
for high internal fields with Aac l / 2 • For the 
ZnMn system, the straight line in Fig. 5 corresponds 
to a concentration dependence of cn with n = 0.56~:~~. 
implying that the Ising model may provide a more appro-
priate description of spin glass behaviour then the 
Heisenberg model. 
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